Calculations of the shape and the timing of single-magnetic-flux quanta ͑SFQs͒ generated by high-current-density ''self-shunted'' Josephson junctions are presented. The junction current is assumed to be due in part to multiple Andreev reflections within the high-transparency barrier. The SFQ pulses from these junctions show several differences when compared to those from lower-current-density resistively shunted Josephson junctions, the most important being that the pulses are significantly delayed in the self-shunted junctions, by as much as many times the pulse width. © 2001 American Institute of Physics. ͓DOI: 10.1063/1.1371969͔
In semiconductor integrated circuits, scaling to smaller lithographic dimensions implies greater speed as well as greater packing density. Much the same is true for superconducting rapid-single-flux quantum ͑RSFQ͒ integrated circuits. 1 A variety of complex RSFQ digital circuits, consisting of hundreds of gates, have been demonstrated at clock rates of up to 16 GHz. [2] [3] [4] [5] These are, typically, fabricated using Nb-based Al-oxide barrier Josephson junctions with minimum junction area Ϸ ͑3.5 m͒ 2 and Josephson critical current density j c Ϸ1000 A/cm 2 , and operate using singlemagnetic-flux quanta ͑SFQs͒ to represent the data bits for computation. According to accepted scaling laws, smaller junction dimension d implies that circuit speed increases as d Ϫ1 if j c is increased as d Ϫ2 to maintain the same critical current. Indeed, a SFQ flip-flop circuit has been demonstrated to operate up to 750 GHz, 6 using 0.25 m Josephson junctions with j c ϭ200 000 A/cm 2 . These small, high-current-density Josephson junctions are well suited for RSFQ circuits. Larger low-j c junctions must be shunted by a resistor to damp oscillations due to the junction capacitance, whereas below about 0.5 m the highj c junctions are intrinsically shunted, and so an external resistor is not needed. Even more important for large-scale integration, these deep-submicron Josephson junctions show excellent homogeneity in that experimental parameter variations appear to be limited by lithography rather than any intrinsic variability. 7 These and other benefits are so great that there is a serious movement to adapt deep-submicron Josephson junction fabrication for the near-term development of a petaflops-scale RSFQ computer. 8 But, integrated circuits are not possible without computer-aided design ͑CAD͒ tools such as circuit simulators and timing optimizers, 9 and these require a tractable model which accurately predicts the behavior of individual devices. For today's RSFQ circuits the resistively shunted junction ͑RSJ͒ model is used. The simple equations of the RSJ model are readily incorporated into CAD tools, and the accuracy of the model is assured by the high-conductance resistor which shunts any peculiarities of the junction's quasiparticle currents. One is tempted to adapt the familiar RSJ model for self-shunted Josephson junctions as well, because their time-averaged quasiparticle current-voltage characteristics appear quite linear. 7, 10 This is possible only if a modified RSJ model can accurately describe the dynamic behavior of self-shunted Josephson junctions. This is not known.
In this letter, we present calculations of the most elementary behavior of self-shunted Josephson junctions, the generation of SFQ pulses. The shape and the timing of these pulses are essential parameters for RSFQ CAD tools. We assume that the junction current is partly due to multiple Andreev reflections within the high-transparency barrier. We find that the SFQ pulses from these junctions show several differences when compared to the RSJ model, the most important being that the pulses are significantly delayed in the self-shunted junctions, by as much as many times the pulse width. This delay must be verified experimentally and included in the design tools before self-shunted junctions can be used in integrated circuits.
There is general agreement that quasiparticle conduction in high-critical-current density ͑i.e., high-transparency͒ Josephson junctions is due at least in part to multiple Andreev reflection ͑MAR͒. MAR theory was developed for a superconductor-normal metal-superconductor ͑SNS͒ structure biased with voltage V less than the energy gap 2⌬. An electron in N gains energy eV and is reflected at the S interface as a hole, which in turn gains energy eV traversing N in the opposite direction, etc. It can be seen that a new conduction possibility opens up at voltages 2⌬/ne, nϭ2,3,.... The MAR conduction depends strongly on the interface transparency D(Dр1). For low-transparency barriers MAR conduction is not important, but if D is large MAR is the main conduction mechanism.
The mathematical description of MAR is quite complicated; there are several different approaches which start from the same physics and provide essentially the same results, for instance, see Refs. 11-13. These theories are quite precisely verified by experiments on SNS structures.
14 MAR theory can also describe the superconductor-insulatorsuperconductor ͑SIS͒ structures used for RSFQ circuits. 11 In fact, the time-averaged properties of the high-current-density MAR theory using a universal distribution of transparencies appropriate for a thin amorphous barrier layer. 15 Following the model of Kleinsasser and co-workers, 16 we assumed for simulation that the Josephson junction includes two parallel conduction channels ͑zero capacitance was assumed͒. The first current I RSJ is a simple RSJ, which itself consists of a supercurrent with critical current 250 A and a parallel quasiparticle conductance of ͑100 ⍀͒ Ϫ1 below the energy-gap voltage of 2.8 mV and ͑10 ⍀͒ Ϫ1 above that voltage. The second current I MAR is produced by multiple Andreev reflection with a uniform transparency D, scaled to give a conductance at 4 mV of ͑10 ⍀͒
Ϫ1
. The generation of SFQ pulses from this model Josephson junction was examined using the circuit shown in Fig. 1 . The bias current I b was held at 200 A. The voltage generator produced a synthetic pulse wave form V g (t) with peak voltage about 3.5 mV and area ͐V•dt equal to that of a quantized SFQ pulse, 2.07 mV ps. Then, a short time later a SFQ pulse was observed at the output, V o (t). For computation, the output voltage for each time step was inferred from
where I MAR (V) was calculated using Eqs. ͑1͒-͑6͒ of Ref. 13 . These equations are far too elaborate to employ in an integrated circuit CAD environment. It is seen that there are two parameters, D and P, which characterize the Josephson junction. P is a simple weight factor which gives the fractional contribution of the MAR channel to the high-voltage conductance. This two-channel model allows a convenient progression from the familiar RSJ model ( Pϭ0) to a junction dominated by MAR conduction.
The results of this calculation are seen in Figs. 
2-4 for various values of transparency D and MAR contribution P.
For the low-transparency case shown in Fig. 2 , there is very little difference from the results of the RSJ model. This is just as expected. However, for larger transparency the output SFQ pulses show very obvious differences which have not been previously noted. The voltage rise appears to stall at a low value, and then the pulses are lower and broader than predicted by the RSJ model. Note that the stalled voltage returns almost to zero for several curves in Fig. 4 , producing a ''return-to-zero precursor'' to the eventual SFQ pulse. The most striking difference is that the output pulses are significantly delayed in junctions dominated by MAR conduction, by as much as many times the pulse width. If this behavior occurs in real self-shunted Josephson junctions, it would have a dramatic effect on the design and the performance of RSFQ integrated circuits.
There are two possibilities to explain the peculiarities of the SFQ pulses seen in Figs. 3 and 4 . MAR transport produces a large time-averaged dc current at low voltages, larger than other realistic models, and this could act to delay, lower, and broaden the SFQ pulses. If this is the explanation, then a modified version of the RSJ model, including this ''excess'' dc current, should be capable of reproducing the junction behavior and would be suitable for integrated circuit CAD. The second possibility is that the high-frequency components of the MAR response function cause the differences. Of course, both of these effects may contribute.
To distinguish between these two mechanisms, we performed a series of SFQ pulse simulations using a commercial Josephson integrated circuit simulator, both using our stan- dard RSJ model junction and modifying that model by adding the ''excess'' dc current seen in MAR junctions. A typical result is shown in Fig. 5 . The ''simple RSJ output'' curve from the CAD simulator matches the Pϭ0 curves of Figs. 2-4, with minor differences due to our coarse-grained computation from Eq. ͑1͒. Likewise, the modified RSJ model, which uses the parameters Dϭ0.9 and Pϭ80%, gives an output SFQ pulse that is in some ways a good match to several of the curves in Figs. 3 and 4 . The voltage rise stalls at a low value, and the pulse is quite delayed. However, it is a rather poor match to the corresponding Pϭ80% curve in Fig. 4 . In particular, the return-to-zero precursor is not seen. We have not been able to produce a return-to-zero precursor using the modified RSJ model, for any choice of parameters.
We conclude that although the excess dc conductance produced by MAR transport influences the response of hightransparency Josephson junctions, it is not the whole story. The high-frequency effects are important as well. It will be essential to verify experimentally whether the MAR theory describes the dynamic behavior of high-critical-currentdensity Josephson junctions, as well as the time-averaged behavior. Some means must be found to include this dynamic behavior in practical CAD tools before self-shunted junctions can be used in complex integrated circuits.
